Abstract. We prove a conjecture of the first author relating the Bernstein-Sato ideal of a finite collection of multivariate polynomials with cohomology support loci of rank one complex local systems. This generalizes a classical theorem of Malgrange and Kashiwara relating the b-function of a multivariate polynomial with the monodromy eigenvalues on the Milnor fibers cohomology.
1. Introduction 1.1. Let F = (f 1 , . . . , f r ) : (X, x) → (C r , 0) be the germ of a holomorphic map from a complex manifold X. The (local) Bernstein-Sato ideal of F is the ideal B F in C[s 1 , . . . , s r ] generated by all b ∈ C[s 1 , . . . , s r ] such that in a neighborhood of x
for some P ∈ D X [s 1 , . . . , s r ], where D X is the ring of holomorphic differential operators. Sabbah [S87] showed that B F is not zero.
1.2. If F = (f 1 , . . . , f r ) : X → C r is a morphism from a smooth complex affine algebraic variety, the (global) Bernstein-Sato ideal B F is defined as the ideal generated by all b ∈ C[s 1 , . . . , s r ] such that (1.1) holds globally with D X replaced by the ring of algebraic differential operators. The global Bernstein-Sato ideal is the intersection of all the local ones at points x with some f i (x) = 0, and there are only finitely many distinct local Bernstein-Sato ideals, see [BMM00] , [BO12] .
1.3. It was clear from the beginning that B F contains some topological information about F , e.g. [KK79, S87, L89] . However, besides the case r = 1, it was not clear what precise topological information is provided by B F . Later, a conjecture based on computer experiments was formulated in [Bu15] addressing this problem. In this article we prove this conjecture.
1.4.
Let us recall what happens in the case r = 1. If f : X → C is a regular function on a smooth complex affine algebraic variety, or the germ at x ∈ X of a holomorphic function on a complex manifold, the monic generator of the Bernstein-Sato ideal of f in C[s] is called the Bernstein-Sato polynomial, or the b-function, of f and it is denoted by b f (s). The nontriviality of b f (s) is a classical result of Bernstein [Be72] in the algebraic case, and Björk [Bj79] in the analytic case. One has the following classical theorem, see [Ma83, K83, K77] : Theorem 1.4.1. Let f : X → C be a regular function of a smooth complex algebraic variety, or the germ at x ∈ X of a holomorphic function on a complex manifold, such that f is not invertible. Let b f (s) ∈ C[s] be the Bernstein-Sato polynomial of f . Then:
(i) (Malgrange, Kashiwara) The set
is the set of monodromy eigenvalues on the nearby cycles complex of f .
(ii) (Kashiwara) The roots of b f (s) are negative rational numbers.
(iii) (Monodromy Theorem) The monodromy eigenvalues on the nearby cycles complex of f are roots of unity.
The definition of the nearby cycles complex is recalled in Section 2. In the algebraic case, b f (s) provides thus an algebraic computation of the monodromy eigenvalues.
1.5. We complete in this article the extension of this theorem to a finite collection of functions as follows. Let Z(B F ) ⊂ C r be the zero locus of the Bernstein-Sato ideal of F . Let ψ F C X be the specialization complex 1 defined by Sabbah [S90] ; the definition will be recalled in Section 2. This complex is a generalization of the nearby cycles complex to a finite collection of functions, the monodromy action being now given by r simultaneous monodromy actions, one for each function f i . Let
r be the support of this monodromy action on ψ F C X . In the case r = 1, this is the set of eigenvalues of the monodromy on the nearby cycles complex. The support S(F ) has a few other topological interpretations, one being in terms of cohomology support loci of rank one local systems, see Section 2. Let Exp : C r → (C * ) r be the map Exp( ) = exp(2πi ).
Theorem 1.5.1. Let F = (f 1 , . . . , f r ) : X → C r be a morphism of smooth complex algebraic varieties, or the germ at x ∈ X of a holomorphic map on a complex manifold, such that not all f i are invertible. Then:
(ii) Every irreducible component of Z(B F ) of codimension 1 is a hyperplane of type a 1 s 1 + . . . + a r s r + b = 0 with a i ∈ Q ≥0 and b ∈ Q >0 . Every irreducible component of Z(B F ) of codimension > 1 can be translated by an element of Z r inside a component of codimension 1.
(iii) S(F ) is a finite union of torsion-translated complex affine subtori of codimension 1 in (C * ) r .
Thus in the algebraic case, B F gives an algebraic computation of S(F ). Part (i) was conjectured in [Bu15] , where one inclusion was also proved, namely that Exp(Z(B F )) contains S(F ). See also [BLSW17, Conjecture 1.4, Remark 2.8] .
Regarding part (iii), Sabbah [S90] showed that S(F ) is included in a finite union of torsiontranslated complex affine subtori of codimension 1. Here a complex affine subtorus of (C * ) r means an algebraic subgroup G ⊂ (C * ) r such that G ∼ = (C * ) p as algebraic groups for some 0 ≤ p ≤ r. In [BW17] , it was proven that every irreducible component of S(F ) is a torsiontranslated subtorus. Finally, part (iii) was proven as stated in [BLSW17] . Part (ii) was known to be implied by (i) and (iii) and the older result of Sabbah [S87] and Gyoja [G93] that Z(B F ) is included in a finite union of hyperplanes of the type specified in (ii), see subsection 3.5. Part (ii) was later confirmed unconditionally by Maisonobe [M16] . We obtain thus here a different proof of (ii) than that of [M16] .
In this article we complete the proof of Theorem 1.5.1 by proving the other inclusion from part (i):
We will give two proofs of this result. The first proof in Section 3 is uses only elementary methods in addition to what is already known. The second proof in Section 4 is more conceptual, based on an explicit case of the Riemann-Hilbert correspondence from [WZ19] .
A particular case of Theorem 1.5.2, for mutually distinct irreducible strongly Eulerhomogeneous Saito-holonomic free hypersurface germs, was proven independently by a different method by D. Bath [Ba19] .
1.6. Algorithms for computing Bernstein-Sato ideals are now implemented in many computer algebra systems. The availability of examples where the zero loci of Bernstein-Sato ideals contain irreducible components of codimension > 1 suggests that this is not a rare phenomenon, see [BO12] . The stronger conjecture that Bernstein-Sato ideals are generated by products of linear polynomials remains open, [Bu15, Conjecture 1] . This would imply in particular that all irreducible components of Z(B F ) are linear.
1.7. In Section 2, we fix notation and recall the definition and some properties of the support of the specialization complex. In Section 3 we give a first proof of Theorem 1.5.2. In Section 4 we give a second proof.
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2. Notation and definitions 2.1. Notation. We will let F = (f 1 , . . . , f r ) : X → C r be a holomorphic map on a complex manifold X of dimension n.
Let i : D → X be the closed embedding and j : U → X the open embedding. We are assuming that not all f i are invertible, which is equivalent to D = ∅.
3
We use the notation s = (s 1 , . . . , s r ) and f s = i f s i i , and in general tuples of numbers will be in bold, e.g. 1 = (1, . . . , 1), α = (α 1 , . . . , α r ), etc.
The symbol (s − α) will denote the maximal ideal (
We denote by D b rh (D X ) the derived category of bounded complexes of regular holonomic D X modules, and by D b c (A X ) the derived category of bounded complexes of A-modules with constructible cohomology, for a commutative ring A.
, where A is the affine coordinate ring of (C * ) r , by
where π : U × (C * ) r C r → U is the first projection from the fibered product obtained from F |U : U → (C * ) r and the universal covering map exp : C r → (C * ) r . The support of the specialization complex S(F ) is defined as the union over all i ∈ Z and x ∈ D of the supports in (C * ) r of the cohomology stalks H i (ψ F C X ) x viewed as finitely generated A-modules.
If F is only given as the germ at a point x ∈ X of a holomorphic map, by ψ F C X we mean the restriction of the specialization complex to a very small open neighboorhood of x ∈ X.
When r = 1, that is, in the case of only one holomorphic function f : X → C, the specialization complex equals the shift by [−1] of Deligne's nearby cycles complex defined as
The complex numbers in the support S(f ) ⊂ C * are called the monodromy eigenvalues of the nearby cycles complex of f .
2.3. Cohomology support loci. We recall that there is also an interpretation without derived categories of S(F ) as the union of cohomology support loci of rank one local systems on small ball complements along the divisor D, see [Bu15, BLSW17] . More precisely,
where U x is the intersection of U with a very small open ball in X centered at x, and L λ is the rank one C-local system on U obtained as the pullback via F : U → (C * ) r of the rank one local system on (C * ) r with monodromy λ i around the i-th missing coordinate hyperplane. If F is only given as the germ at (X, x) of a holomorphic map, S(F ) is defined as above by replacing X with a very small open neighboorhood of x.
For one holomorphic function f : X → C, the support S(f ) is the union of the sets of eigenvalues of the monodromy acting on cohomologies of the Milnor fibers of f along points of the divisor f = 0, see [BW17, Proposition 1.3] .
With this description of S(F ), the following involutivity property was proven:
2.4. Non-simple extension loci. An equivalent definition of S(F ) was found by [BLSW17, §1.4 ] as a locus of rank one local systems on U with non-simple higher direct image in the category of perverse sheaves on X :
where L λ is the rank one local system on U as in 2.3. This description is equivalent to
is not an isomorphism} , the map being the natural one. This is the description which will turn out the most conceptual for understanding the Theorem 1.5.1.
2.5. Rationality of some b-functions. We need the following result of Gyoja [G93] :
Theorem 2.5.1. Let F = (f 1 , . . . , f r ) : X → C r be the germ of a holomorphic map on a complex manifold such that not all f i are invertible. Let a ∈ Z ≥0 and let B a F be the generalized Bernstein-Sato ideal. Then B a F contains a non-zero polynomial of type
where α i,j ∈ Q ≥0 are not all zero and α ∈ Q >0 .
First proof
3.1. We keep the notation as in the previous section. We will use the following, stated using the notation of this paper (cf. 
For the rest of this section, we will identify without loss of generalization X with a small open neighborhood of x ∈ X.
Recall that for
s . For r = 1, see for example Walther [W17] . We define an increasing filtration for i ≥ 0 by
where
defined by the order of the operators, that is, in local coordinates (x 1 , . . . , x n ) on X, the orders of x i and s j are zero, and the order of ∂ x i is one.
Proof. One only needs to show that mF 0 N ⊃ mN ∩ F 0 N, the other inclusion being obvious. We will show that mF 0 N ⊃ mF i N ∩ F 0 N for all i ≥ 0.
From the definition of the filtration F i N, it follows that
and
. This is equivalent to
. This in turn follows from the equality
-submodule, we can define a filtration on the quotient
induced by the filtration on
the last equality following from Lemma 3.2.1. On the other hand,
Letting E = mN, the claim now follows from the equality of
Proof. We have that
the last equality following from Lemma 3.3.1. Hence this is a non-zero
3.4. Proof of Theorem 1.5.2. By Proposition 3.1.1, it is enough to prove:
Lemma 3.4.1. For every F as in Proposition 3.1.1, the condition ( * ) holds.
, where σ : M → grM is the map associating to an element of M its image in grM. Moreover,
where the last equality is by definition.
Let α ∈ Z(B F ), or, equivalently, Ann
is the maximal ideal of (ξ, α). Indeed, this can be any maximal ideal containing the ideal
Note that I = (1), since the equality
By Nakayama Lemma applied to the coherent sheaf grM,
This module is the same as
where m ξ is the maximal ideal of ξ in T * X. Hence
Since gr
, and gr
Hence, by Lemma 3.3.2,
3.5. Proof of Theorem 1.5.1 (ii). For the sake of completion, we will show now that for Theorem 1.5.1 the parts (i) and (iii) imply the part (ii) . Let Z be a codimension one irreducible component of Z(B F ). By Theorem 2.5.1, Z is a hyperplane of type α 1 s 1 + . . . + α r s r + a = 0 with α i ∈ Q ≥0 , α ∈ Q >0 . Let Z ′ be the union of the irreducible components of Z(B F ) which cannot be translated by an element of Z r into a component of codimension one. Then Exp(Z ′ ) must lie in a union S ′ of irreducible components of S(F ) not in the image of the codimension one locus of Z(B F ). By part (i), Exp(Z ′ ) has to equal S ′ . If Z ′ and S ′ are not empy, we get a contradiction since Exp is a covering map implies dim Exp(
4. Second proof 4.1. The second proof is at heart actually the same as the first proof, but it is more conceptual. It replaces the proof of [Bu15, Proposition 1.7] with a slightly different explicit instance of the Riemann-Hilbert correspondence than that used in [Bu15] . Namely, we will now make use of the following particular case of [WZ19, Theorem 1.3 and Corollary 5.5 ], see also [BG12] :
Lemma 4.1.1. Let F = (f 1 , . . . , f r ) : X → C r be a morphism from a smooth complex algebraic variety. Let α ∈ C r and λ = exp(−2πiα). Let L λ be the rank one local system on U defined as in 2.3, and let M λ = L λ ⊗ C O U the corresponding flat line bundle, so that
as perverse sheaves on X. For an integral k ≫ α and k = (k, . . . , k) ∈ Z r , one has:
(ii) In particular, there are quasi-isomorphisms in
Remark 4.1.2. Note that this is stated in the algebraic case only. However, the proof from [BG12, WZ19] extends to the local analytic case.
. Hence Z(B k ) is up to translations by Z r the same as the zero locus of
Note that B
(1,...,1) F = B F . Applying [Bu15, Lemma 4.17] with m = (1, . . . , 1) and m ′ = 2k, we obtain that Exp(Z(B F )) = Exp(Z(B 2k F )), from which the claim follows.
With k as above and α ∈ C r , define
where (s − α) = (s 1 − α 1 , . . . , s r − α r ) is the maximal ideal of α. Proof. From the last two lemmas we have for k 0 > 0 that Exp(Z(B F )) = Exp(Z(B k 0 )) ⊂ Exp ({α ∈ C r | M k 0 ,α ≃ 0}) .
However, for any k > 0 one obviously has B k+1 ⊂ B k . Thus Z(B k ) ⊂ Z(B k+1 ), which implies that {α ∈ C r | M k,α ≃ 0} ⊂ {α ∈ C r | M k+1,α ≃ 0}.
In particular,
The following will therefore finish the second proof of Theorem 1.5.2:
Lemma 4.2.4. Exp ({α ∈ C r | M k,α = 0 for k ≫ α }) ⊂ S(F ).
Proof. For every k > 0, one has a short exact sequence of
For α ∈ C r , using the derived tensor product ⊗
we obtain a distinguished triangle in D b (D X ). Apply now the de Rham functor DR X ( ) to this distinguished triangle with k ≫ α . We get by Lemma 4.1.1 a distinguished triangle in
where the two terms on the left can be written more explicitely:
where λ = exp(−2πiα), with the morphism on the left being the natural one. If in addition M k,α = 0, then the morphism on the left is not a quasi-isomorphism, and hence λ ∈ S(F ) by 2.4. It follows by Lemma 2.3.1 that λ −1 = Exp(α) is also in S(F ).
